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EXTRAPOLATION ON HARDY SPACES AND APPLICATIONS
ODYSSEAS BAKAS
Abstract. In this survey article some classical results concerning real interpo-
lation between Hardy spaces are briefly presented and then it is explained how
those results can be used to establish Yano-type extrapolation theorems for
Hardy spaces. Some new extensions and variants of certain classical endpoint
theorems in harmonic analysis are obtained as applications of the extrapolation
results presented here.
1. Introduction
Let pX,µq and pY, νq be two finite measure spaces. If T is a sublinear operator
such that for some r ą 0 one has }T }LppXqÑLppY q À pp ´ 1q
´r for all 1 ă p ď 2,
then it was shown by S. Yano in [56] that in order to ensure that T pfq P L1pY q one
needs to impose that f P L logr LpXq. See also Theorem 4.41 (ii) in Chapter XII
in A. Zygmund’s book [59].
One of the remarkable aspects of Yano’s extrapolation theorem is that it estab-
lished connections between results that had previously been obtained independently
to each other. For a list of results that can be connected via extrapolation, see Yano
[56] and for further applications of extrapolation theory and related historical re-
marks, see B. Jawerth and M. Milman [19] and Milman [35]. Among the results
that Yano’s extrapolation theorem has connected, a typical one concerns the clas-
sical theorems of M. Riesz [45] and Zygmund [57] on the mapping properties of the
periodic Hilbert transform. Recall that if f is a trigonometric polynomial on T,
then its periodic Hilbert transform Hpfq is given by
Hpfqpxq :“ p.v.
1
2pi
ż
r´pi,piq
fpx´ tq cot
`
t{2
˘
dt px P Tq.
Here, we identify the torus T with R{p2piZq. It follows from the work of Riesz [45]
that H can be extended as an LppTq-bounded operator with
(1.1) }H}LppTqÑLppTq À max
! p
p´ 1
, p
)
p1 ă p ă 8q.
In [57], Zygmund proved that H maps L logLpTq to L1pTq, namely
(1.2) }Hpfq}L1pTq ď
A
2pi
ż
r´pi,piq
|fpxq| log` |fpxq|dx `B,
where A,B ą 0 are absolute constants. Observe that the aforementioned result of
Zygmund can be regarded as a consequence of Riesz’s theorem, via Yano’s extrap-
olation theorem. Notice that, as H is translation-invariant, it follows from T. Tao’s
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converse extrapolation theorem [53] that (1.2) also implies (1.1). Furthermore, in
view of the L2pTq-boundedness of H and Marcinkiewicz-type interpolation, both
the above-mentioned results of Riesz and Zygmund can actually be regarded as
consequences of the fact that H is of weak-type p1, 1q, a result due to A. N. Kol-
mogorov [29]. We remark at this point that the exact behaviour of the Lp ´ Lp
operator norm of H was obtained in [37] by S. K. Pichorides, who showed that
}H}LppTqÑLppTq “ tanppi{2pq for 1 ă p ď 2 and }H}LppTqÑLppTq “ cotppi{2pq for
2 ď p ă 8; see [37, Theorem 3.7]. It was also shown in [37] that the constant A in
(1.2) has to satisfy A ą 2{pi; see [37, Theorem 3.4].
Another example illustrating Yano’s extrapolation theorem can be obtained by
considering the work of J. Bourgain [11] on the mapping properties of the classical
Littlewood-Paley operator and the work of Tao and J. Wright [54] on Marcinkiewicz
multiplier operators. To be more specific, recall that the Littlewood-Paley square
function STpfq of a trigonometric polynomial f on T is given by
STpfq :“
˜ ÿ
nPZ
|∆npfq|
2
¸1{2
,
where the Littlewood-Paley projections p∆nqnPZ are defined as follows. If n “ 0,
then one sets ∆0pfqpxq :“ pfp0q, x P T and if n P N, then one defines
∆npfqpxq :“
2n´1ÿ
k“2n´1
pfpkqeikx and ∆´npfqpxq :“ ´2n´1ÿ
k“´2n`1
pfpkqeikx, x P T.
The Littlewood-Paley operator ST can be extended as a sublinear L
ppTq-bounded
operator for all 1 ă p ă 8; see e.g. Chapter XV in [59]. In [11], Bourgain showed
that
(1.3) }ST}LppTqÑLppTq „ pp´ 1q
´3{2 p1 ă p ď 2q
and hence, by Yano’s extrapolation theorem, one deduces that
(1.4) }STpfq}L1pTq À }f}L log3{2 LpTq.
We remark that the last estimate (1.4) is also a consequence of the work of Tao and
Wright on endpoint mapping properties of Marcinkiewicz multiplier operators [54];
see [1]. In fact, as observed in [1], an alternative proof of (1.3) can be obtained
by combining the work of Tao and Wright [54] with Tao’s converse extrapolation
theorem [53]. In [32], A. K. Lerner established sharp weighted estimates for the
Littlewood-Paley operator and as a consequence, he obtained yet another proof of
(1.3).
The mapping properties of ST can be improved when we restrict ourselves to the
classical Hardy spaces. To be more precise, in [38], Pichorides proved that when
restricted to HppTq the exponent r “ 3{2 in (1.3) can be improved to r “ 1, namely
(1.5) sup
fPHppTq:
}f}LppTq“1
}STpfq}LppTq „ pp´ 1q
´1 p1 ă p ď 2q.
Similarly, the exponent r “ 3{2 in (1.4) can be improved to r “ 1 when we restrict
ourselves to H1pTq, as a classical result of Zygmund [58, Theorem 8] shows that
STpfq P L
1pTq if we assume f P H1pTq X L logLpTq, namely
(1.6) }STpfq}L1pTq À }f}L logLpTq pf P H
1pTqq.
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The aforementioned results of Pichorides (1.5) and Zygmund (1.6) are in fact
connected via a variant of Yano’s extrapolation theorem for Hardy spaces on the
torus. Such versions of Yano’s theorem can be obtained as consequences of the
abstract extrapolation theories for compatible couples of Banach spaces developed
by Jawerth and Milman [19] (see also Jawerth and Milman [20] and Milman [35])
and by M. J. Carro and J. Mart´ın [15] combined with available results concerning
real interpolation between Hardy spaces. However, a direct approach that com-
bines Yano’s original argument with techniques due to S. V. Kislyakov [24] (see
also Kislyakov and Q. Xu [27, 28]) was presented in [3] for the one-dimensional
periodic case. The main purpose of this survey paper is to present some variants
of Yano’s theorem for Hardy spaces and explain how they can be deduced by using
already existing results on real interpolation between Hardy spaces. Some new ap-
plications are obtained as applications of the extrapolation results presented here.
More specifically, we establish a variant of Zygmund’s inequality (1.6) for functions
defined on the real line as well as a two-parameter extension of a classical result
due to Y. Meyer [34] concerning ‘thin’ spectral sets of integers.
The paper is organised as follows. For the convenience of the reader, in Section
2 we provide some notation and background and in Section 3, a brief overview of
some classical results on real interpolation between Hardy spaces is given and then
it is shown how those results can be used to establish extrapolation theorems for
operators acting on Hardy spaces. In the last section of this paper we obtain some
applications of the results presented in Section 3.
2. Notation and Preliminairies
2.1. Notation. If X,Y ą 0 and X ď CY , we write X À Y . If X À Y and Y À X ,
we write X „ Y .
The set of integers, the set of non-negative integers, and the set of natural
numbers are denoted by Z, N0, and N, respectively.
If t ě 0, then we use the notation log` t :“ maxtlog t, 0u.
If G is a locally compact abelian group, equipped with a Haar measure mG, then
the Fourier coefficient pfpγq of a function f P L1pGq at γ P pG ( pG being the dual
group of G) is given by
pfpγq :“ ż
G
fpxqγpxqdmGpxq.
If G is compact then, following [47], we say that f is a trigonometric polynomial
on G whenever f is of the form
fpxq “
Nÿ
i“1
aiγipxq px P Gq,
where ai are complex scalars and γi P pG, i “ 1, ¨ ¨ ¨ , N . If f is a trigonometric
polynomial on Td and suppp pfq Ď Nd0, then f is said to be an analytic trigonometric
polynomial on Td. Also, in the case where G is compact, we take the normalised
Haar measure mG, i.e. mGpGq “ 1.
If f is a measurable function defined over some measure space pS, E , µq, then its
non-increasing rearrangement f˚ is defined by
f˚ptq :“ inftλ ą 0 : µptx P E : |fpxq| ą λuq ď tu
4 ODYSSEAS BAKAS
for t ě 0, with the convention that infH “ 8.
Let pX,µq and pY, νq be two measure spaces and let T be an operator that maps
measurable functions in pX,µq to measurable functions in pY, νq. We say that T
is sublinear if, and only if, for all measurable functions f, g on X and for every
constant c P C one has |T pcfq| “ |c||T pfq|, |T pf ` gq| ď |T pfq| ` |T pgq|, and
|T pfq ´ T pgq| ď |T pf ´ gq|.
2.2. Real interpolation. Let X “ pX1, X2q be a couple of compatible Banach
spaces pXi, } ¨ }iq pi “ 1, 2q, that is, there exists a topological vector space X0 such
that Xi Ď X0 continuously, i “ 1, 2, and so X1`X2, X1XX2 ‰ H are well-defined.
For t ą 0, the K-functional of x P X1 `X2 is given by
Kpx, t;X1, X2q :“ inf
 
}x1}1 ` t}x2}2 : x “ x1 ` x2, xi P Xi pi “ 1, 2q
(
.
For any given x P X1 ` X2, the non-negative function t ÞÑ Kpx, t;X1, X2q is
concave on p0,8q and hence, there exists a non-negative decreasing function t ÞÑ
kpx, t;X1, X2q such that
Kpx, t;X1, X2q “ Kpx, 0
`;X1, X2q `
ż t
0
kpx, s;X1, X2qds for t ą 0.
The intermediate space Xθ,q “ pX1, X2qθ,q is defined to be the class of all x P
X1 `X2 such that }x}Xθ,q ă 8, where
}x}Xθ,q :“
#` ş8
0
rt´θKpx, t;X1, X2qs
qdt{t
˘1{q
if 0 ă θ ă 1, 1 ď q ă 8,
suptą0
 
t´θKpx, t;X1, X2q
(
if 0 ď θ ď 1, q “ 8.
For basic notions and results related to abstract interpolation, we refer the reader
to the books of C. Bennett and R. Sharpley [6], J. Bergh and J. Lo¨fstro¨m [7], and
Y. A. Brudny˘ı and N. Y. Krugljak [14].
Following G. Pisier [41], if X “ pX1, X2q and Y “ pY1, Y2q are couples of compat-
ible Banach spaces such that Yi Ď Xi continuously, i “ 1, 2, the couple Y “ pY1, Y2q
is said to be K-closed in X “ pX1, X2q if there exists a constant C0 ą 0 such that
Kpx, t;Y1, Y2q ď C0Kpx, t;X1, X2q
for every x P Y1 ` Y2 and for all t ą 0.
2.3. Function spaces. Let pS, E , µq be a given σ-finite measure space.
Following [5], for 0 ă p, q ď 8 and r P Z, define the Lorentz-Zygmund space
Lp,q logr LpSq to be the class of all measurable functions f on pS, E , µq satisfying
}f}Lp,q logr LpSq ă 8, where
}f}Lp,q logr LpSq :“
#` ş8
0
rt1{pp1` | log t|qrf˚ptqsqdt{t
˘1{q
if q ă 8,
suptą0
 
t1{pp1` | log t|qrf˚ptq
(
if q “ 8.
For p, q P p0,8s and r “ 0, we write Lp,q log0 LpSq “ Lp,qpSq and if p “ q, we have
Lp,ppSq “ LppSq. When p “ q “ 1 and r P Z, we write L1,1 logr LpSq “ L logr LpSq.
For r ą 0, consider the Orlicz function Φrptq :“ tpr1` logp1` tqs
r´1q, t ě 0 and
define ΦrpSq to be the space of all measurable functions f on pS, E , µq such thatż
S
Φrp|fpxq|qdµpxq ă 8.
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If we equip ΦrpSq with the Luxemburg-type norm
}f}ΦrpSq :“ inf
!
λ ą 0 :
ż
S
Φrpλ
´1|fpxq|qdµpxq ď 1
)
,
then pΦrpSq, } ¨ }ΦrpSqq becomes a Banach space. It is well-known that in the case
where µpSq ă 8, the Orlicz space pΦrpSq, } ¨ }ΦrpSqq can be identified with the
Lorentz-Zygmund space pL logr LpSq, } ¨ }L logr LpSqq; see [5, Lemma 10.1].
For more details on Orlicz spaces, we refer the reader to the books of M. A.
Krasnosel’ski˘ı and Ja. B. Ruticki˘ı [30] and M. M. Rao and Z. D. Ren [44]. For
more details on Lorentz-Zygmund spaces and their connections with Orlicz spaces,
see Bennett and K. Rudnick [5].
2.4. Hardy spaces. Let d P N. Given a 0 ă p ă 8, the Hardy space HppTdq
consists of all functions f on Td such that f is the boundary value of a holomorphic
function F on the polydisk Dd :“ tpz1, ¨ ¨ ¨ , zdq P C
d : |z1| ă 1, ¨ ¨ ¨ , |zd| ă 1u
satisfying
sup
0ďr1,¨¨¨ ,rdă1
ż 2pi
0
|F pr1e
ix1 , ¨ ¨ ¨ , rde
ixdq|pdx1 ¨ ¨ ¨dxd ă 8.
For p “ 8, H8pTdq is the space of all functions on Td that are boundary values of
bounded holomorphic functions on Dd.
Similarly, for 1 ď p ă 8, f P HppRdq if, and only if, f is the boundary value of a
holomorphic function F on pR2`q
d :“ tpz1, ¨ ¨ ¨ , zdq P C
d : Impz1q, ¨ ¨ ¨ , Impzdq ą 0u
such that
sup
y1,¨¨¨ ,ydą0
ż
Rd
|F px1 ` iy1, ¨ ¨ ¨ , xd ` iydq|
pdx1 ¨ ¨ ¨ dxd ă 8
and, for p “ 8, H8pRdq consists of all functions on Rd that are boundary values
of bounded holomorphic functions on pR2`q
d.
It is well-known that for 1 ď p ď 8, one has
HppTdq “ tf P LppTdq : suppp pfq Ď Nd0u
and that the spaces pHppTdq, } ¨ }LppTdqq and pH
ppRdq, } ¨ }LppRdqq are Banach.
For more details on one-dimensional Hardy spaces we refer the reader to P. L.
Duren’s book [17] and for higher-dimensional Hardy spaces, see, e.g., Chapter 3 in
W. Rudin’s book [48] and Sections 4 and 5 in Chapter XVII in Zygmund’s book
[59].
2.5. Λppq sets. In this subsection we briefly present some definitions and facts on
‘thin’ spectral sets in harmonic analysis. We remark that the notions and results
mentioned here will only be used in Subsection 4.2 in which an extension of a
classical result due to Meyer [34] is obtained.
Let G be a compact abelian group. Given a p P p2,8q, a set Λ Ď pG is said to be
Λppq if there exists a constant CΛ,p ą 0 such that
(2.1) }f}LppGq ď CΛ,p}f}L2pGq
for every trigonometric polynomial f on G with suppp pfq Ď Λ. If Λ is a Λppq set for
some p P p2,8q, then the best constant CΛ,p in (2.1) is called the Λppq constant of
Λ and is denoted by ApΛ, pq.
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A set Λ Ď pG is called Sidon if there exists a constant SΛ ą 0 such that
(2.2)
ÿ
γP pG
| pfpγq| ď SΛ}f}L8pGq
for every trigonometric polynomial f on G with suppp pfq Ď Λ. Thanks to a clas-
sical result of S. Sidon [49], typical examples of Sidon sets in Z – pT are lacunary
sequences. For instance, Λ “ p3kqkPN0 is a Sidon set.
In [46, 47], Rudin proved that Sidon sets are Λppq sets with ApΛ, pq ď ApΛqp1{2
for all p ą 2 and, in [39], Pisier proved that the converse also holds true; if Λ Ď pG
is a Λppq set with ApΛ, pq ď ApΛqp1{2 for all p ą 2, then it is necessarily a Sidon
set. See also Chapter VI in the book of M. B. Marcus and Pisier [33]. For another
proof of Pisier’s theorem, see Bourgain [10] and for further proofs and extensions of
Pisier’s theorem, see Bourgain and M. Lewko [13] and Pisier [43]. For more details
on Λppq sets and related topics, we refer the reader to the book of C. C. Graham
and K. E. Hare [18].
Remark 1. If Λ Ď pG is a Λppq set for some p ą 2, then it follows from [46, (1.4.1)]
that there exists a constant BΛ,p ą 0 such that
}f}L2pGq ď BΛ,p}f}L1pGq
for every trigonometric polynomial f on G with suppp pfq Ď Λ.
3. Yano-type extrapolation theorems on Hardy spaces
This is the main section of the present paper and it is organised as follows. In
Subsection 3.1, we give a brief overview of some classical results on real interpo-
lation between Hardy spaces. In subsections 3.2 and 3.3 it is explained how the
interpolation results presented in Subsection 3.1 can be used to establish Yano-type
extrapolation theorems for various Hardy spaces.
3.1. A brief overview of Real Interpolation between Hardy spaces. Let
pX,µq and pY, µq be two σ-finite measure spaces. The Marcinkiewicz interpolation
theorem, in its simplest form, asserts that if T is a sublinear operator that is defined
on LrpXq ` LqpXq for 1 ď r ă q ď 8 and such that T is bounded from LrpXq
to Lr,8pY q and bounded from LqpXq to Lq,8pY q, then T is Lp-bounded for all
p P pq, rq; see e.g. Section 4 in Chapter I of E. M. Stein’s book [52] or Section 4 in
Chapter XII in Zygmund’s book [59].
In the classical approach for proving the aforementioned version of Marcinkiewicz
interpolation theorem, say for q ă 8, one takes an f P LppXq and writes
}T pfq}p
LppY q “ p
ż 8
0
λp´1νpty P Y : |T pfqpyq| ą λuqdλ.
For λ ą 0, one then decomposes f as f “ fλ ` Fλ, where fλ is such that |fλpxq| ď
mint|fpxq|, λu for a.e. x P X and Fλ satisfies
}Fλ}
r
LrpXq ď
ż
t|f |ąλu
|fpxq|rdµpxq.
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Hence, by using the sublinearity of T and the subadditivity of ν, one has
}T pfq}p
LppY q ď p
ż 8
0
λp´1νpty P Y : |T pfλqpyq| ą λ{2uqdλ
` p
ż 8
0
λp´1νpty P Y : |T pFλqpyq| ą λ{2uqdλ
and then one applies the LqpXq to Lq,8pY q boundedness of T to the first integral
involving fλ and the L
rpXq to Lr,8pY q boundedness of T to the second integral
involving Fλ. To obtain such a decomposition, one can simply take fλ :“ fχt|f |ďλu
and Fλ :“ fχt|f |ąλu.
The situation becomes more difficult when one works with operators acting on
Hardy spaces. To see this, consider for instance the one-dimensional periodic case
and notice that for any given non-zero f P HppTq, for some 0 ă p ď 8, and each
measurable set A Ď T, the function fχA does not belong to any Hardy space on
T unless χA “ 0 a.e. on T or χA “ 1 a.e. on T, as the zero set of f must be of
measure zero; see Chapter 2 in [17]. Therefore, the simple decomposition mentioned
above does not give in general functions fλ, Fλ that belong to appropriate Hardy
spaces and so, the problem of real interpolation between Hardy space is much more
delicate.
The first Marcinkiewicz-type decomposition for functions in Hardy spaces was
obtained by P. W. Jones in [21]. More specifically, by constructing explicit solutions
of the B-problem on the upper half-plane with Carleson measure data [21, Theorem
1], Jones obtained a Marcinkiewicz-type decomposition for functions belonging to
Hardy spaces over the upper-half plane; see [21, Theorem 2]. In particular, when
p “ 1, it follows from [21, Theorem 2] and its proof that there exist an absolute
constant C0 ą 0 such that for every f P H
1pRq and λ ą 0 one can find fλ P H
8pRq
and Fλ P H
1pRq satisfying the properties
(3.1) f “ fλ ` Fλ,
(3.2) }fλ}L8pRq ď C0λ,
and
(3.3) }Fλ}L1pRq ď C0
ż
tNpfqąλu
Npfqpxqdx,
where Npfq denotes the non-tangential maximal function of f given by Npfqpxq :“
sup|x´x1|ăy |f ˚Pypx
1q| with Pypxq :“ yrpipx
2` y2qs´1 (x P R, y ą 0) being the one-
dimensional Poisson kernel. See also [22] as well as Sections 9 and 10 in Chapter 5 of
[6]. A consequence of the work of Jones [21, 22] is that the couple pH1pRq, H8pRqq
is K-closed in pL1pRq, L8pRqq, that is, there exists a constant C ą 0 such that
(3.4) Kpf, t;H1pRq, H8pRqq ď CKpf, t;L1pRq, L8pRqq
for every f P H1pRq `H8pRq and for all t ą 0.
In 1984, in [9], Bourgain obtained a Marcinkiewicz-type decomposition for func-
tions in HppTq and more specifically, he proved that for every 0 ă p ă 8 there
exists a constant Cp ą 0 such that for every f P H
ppTq and λ ą 0 one can find
fλ P H
8pTq and Fλ P H
ppTq satisfying the following properties
(3.5) f “ fλ ` Fλ,
(3.6) |fλpxq| ď Cpmint|fpxq|, λu for a.e. x P T,
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and
(3.7) }Fλ}
p
LppTq ď Cp
ż
t|f |ąλu
|fpxq|pdx.
A remarkable aspect of Bourgain’s approach is that it only uses the L2pTq-bounded-
ness of the periodic Hilbert transform. In 1996, Kislyakov and Xu presented in [28]
yet another method for decomposing any given function f P HppTq at ‘height’ λ as
f “ fλ ` Fλ with fλ P H
8pTq satisfying (3.6) and Fλ P H
ppTq satisfying (3.7); see
[28, Lemma 5]. The Marcinkiewicz decomposition obtained in [28] by Kislyakov
and Xu was based on their earlier works (see, e.g, Kislyakov [24], Xu [55], and
Kislyakov and Xu [27]) and their approach is also elementary in the sense that, as
the above-mentioned method of Bourgain, it only uses the fact that the periodic
Hilbert transform is L2pTq-bounded. Let us also mention that in 1992, in [55], Xu,
by using appropriate variants of techniques from [24], obtained different proofs and
extensions of the interpolation theorems of Jones [21, 22]. In particular, in [55],
Xu gave an alternative proof of (3.4) in the periodic setting that is, he proved that
there exists a constant C0 ą 0 such that
(3.8) Kpf, t;H1pTq, H8pTqq ď C0Kpf, t;L
1pTq, L8pTqq
for every f P H1pTq and for all t ą 0. Furthermore, Kislyakov and Xu in their
aforementioned 1996 paper [28] generalised (3.4) and (3.8) to Hardy spaces of
homogeneous-type (see [28, Theorem 1]) and proved that pHppT2q, H8pT2qq is K-
closed in pLppT2q, L8pT2qq for all 0 ă p ă 8 (see [28, Theorem 3]), extending
earlier works of Bourgain [12] and Kislyakov [25], respectively. See also Kislyakov’s
papers [24, 26].
For alternative approaches to real interpolation between Hardy spaces and vari-
ants of the interpolation results of Jones obtained in [21, 22], see also Pisier [41, 42]
as well P. F. X. Mu¨ller [36].
At this point, it is worth noting that, to the best of our knowledge, no inter-
polation results are known for Hardy spaces HppTdq for d ě 3. In particular,
the K-closedness of pH1pTdq, H8pTdqq in pL1pTdq, L8pTdqq is not yet available for
d ě 3.
3.2. A direct approach. In [3], the following Yano-type theorem forHppTq spaces
was obtained.
Theorem 2 ([3]). Let T be a sublinear operator acting on functions defined over
the torus. Suppose that there exist constants C0, r ą 0 such that
(3.9) sup
fPHppTq:
}f}LppTq“1
}T pfq}LppTq ď C0pp´ 1q
´r for all p P p1, 2s.
Then, there exists a constant D ą 0, depending only on C0 and r, such that
(3.10) }T pfq}L1pTq ď D}f}L logr LpTq for all f P H
1pTq.
In [3], an elementary proof of Theorem 2 was presented, based on Yano’s original
approach [56] combined with arguments of Kislyakov and Xu [24, 27, 28]. A direct
proof of Theorem 2 can also be given by using the method of Bourgain [9] concerning
Marcinkiewicz-type decompositions of functions in H1pTq. In fact, Theorem 2 can
be obtained by using a modification of Yano’s original argument combined with
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any method that gives appropriate Marcinkiewicz-type decompositions for Hardy
spaces on the torus.
To be more precise, suppose that T is a sublinear operator satisfying (3.9) and
fix an arbitrary analytic trigonometric polynomial f on the torus. Let N P N be
such that 2N´1 ă }f}L8pTq ď 2
N in the case where }f}L8pTq ą 1, or, otherwise,
set N :“ 0. Consider a finite collection of pairs tpf2n , F2nqu
N
n“0 such that for n P
t0, ¨ ¨ ¨ , Nu the pair pf2n , F2nq is a Marcinkiewicz-type decomposition of f P H
1pTq
at ‘height’ λ “ 2n with associated constant C ą 0, namely
(3.11) f “ f2n ` F2n with f2n P H
8pTq, F2n P H
1pTq,
(3.12) |f2npxq| ď Cmint|fpxq|, 2
nu for a.e. x P T,
and
(3.13) }F2n}L1pTq ď C
ż
t|f |ą2nu
|fpxq|dx.
We remark that the precise construction of tpf2n , F2nqu
N
n“0 for n “ 0, ¨ ¨ ¨ , N
plays no roˆle in the proof of Theorem 2 that we present here. For instance, it
can be constructed either by using the method of Bourgain [9] or the method of
Kislyakov and Xu [28]. In any case, having fixed such a collection tpf2n , F2nqu
N
n“0
of Marcinkiewicz-type decompositions associated to f , write
(3.14) f “
Nÿ
n“0
rfn,
where rfn :“ #f1, if n “ 0,
f2n ´ f2n´1 , if n ě 1.
To prove (3.10), note that, as in [56], by using (3.14), the sublinearity of T , and
Ho¨lder’s inequality, one gets
(3.15) }T pfq}L1pTq ď C0
Nÿ
n“0
pn` 1qr} rfn}Lpn`2q{pn`1qpTq.
Since by (3.12) one has | rfn| À 2n for all n P N0, by using, as in [3], the elementary
inequality tpn`1q{pn`2q ď er`2t ` pn ` 1q´pr`2q, which is valid for all t ě 0 and
n P N, one can easily deduce that
(3.16) }T pfq}L1pTq À 1`
Nÿ
n“1
pn` 1qr} rfn}L1pTq,
where the implied constant depends only on C0, r and it is independent of f . To
handle the right-hand side of (3.16), observe that since F2n “ f´f2n , (3.13) implies
thatż
T
| rfnpxq|dx “ ż
T
|F2n´1pxq ´ F2npxq|dx
ď
ż
T
|F2n´1pxq|dx `
ż
T
|F2npxq|dx
ď C
ż
t|f |ą2n´1u
|fpxq|dx ` C
ż
t|f |ą2nu
|fpxq|dx ď 2C
ż
t|f |ą2n´1u
|fpxq|dx.
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Therefore, (3.16) becomes
}T pfq}L1pTq À 1`
Nÿ
n“1
pn` 1qr
ż
t|f |ą2n´1u
|fpxq|dx
and so, an application of Fubini’s theorem yields
(3.17) }T pfq}L1pTq À 1`
ż
T
|fpxq| logrpe` |fpxq|qdx,
where the implied constant depends only on C0 and r. Since (3.17) holds for all an-
alytic trigonometric polynomials, (3.10) can easily be obtained by using the scaling
invariance of T , followed by a simple density argument involving [31, Proposition
3.4] and finally, using the fact that the Orlicz space pΦrpTq, } ¨ }ΦrpTqq can be iden-
tified with the Lorentz-Zygmund space pL logr LpTq, } ¨ }L logr LpTqq; see [3].
3.3. Some further remarks and extensions. As mentioned above, Theorem 2
can also be obtained by combining the K-closedness of the couple pH1pTq, H8pTqq
in pL1pTq, L8pTqq with abstract extrapolation results that can be extracted either
from the theory of Jawerth and Milman [19] or from the theory of Carro and Mart´ın
[15].
Let us now briefly outline how Theorem 2 can be deduced from the work of Carro
and Mart´ın [15] and (3.8), see also Remark 4 below. The abstract extrapolation
theory of [15] was presented for linear operators, but as remarked in [15], if the
‘target’ spaces are lattices, then the extrapolation theory developed there can also
be extended to include sublinear operators. In particular, if for a σ-finite measure
space pS, E , µq one takes Y “ pL1pµq, L8pµqq and T is a sublinear operator taking
values in Y , then KpTf, t;L1pµq, L8pµqq “
şt
0
pTfq˚psqds for all t ą 0 and so, the
following version of [15, Theorem 3.1] holds true.
Theorem 3 ([15]). Let X “ pX1, X2q be a compatible couple of Banach spaces
such that Kpx, 0`;X1, X2q “ 0 for all x P X1 ` X2 and let Y “ pL
1pµq, L8pµqq,
where pS, E , µq is a σ-finite measure space.
Given a θ0 P p0, 1q, suppose that T is a sublinear operator satisfying
(3.18) }T }Xθ,1ÑY θ,8 ď Aθ
´r for all 0 ă θ ď θ0 ă 1
for some constants A, r ą 0. Then, there exists a constant C ą 0 such that
(3.19) sup
tą0
#şt
0
pTxq˚psqds
p1` log` tqr
+
ď C
ż 8
0
kpx, s;X1, X2q
“
1` log`p1{sq
‰r
ds.
To prove Theorem 2 by using the previous theorem and (3.8), suppose that T
is a sublinear operator satisfying (3.9) and take X “ pH1pTq, H8pTqq and Y “
pL1pTq, L8pTqq. Then, T satisfies (3.18) for θ0 “ 1{2. Indeed to see this, for any
given θ P p0, 1{2s, take a p P p1, 2s such that θ “ pp´ 1q{p and notice that one has
}T pfq}Y θ,8 À }T pfq}LppTq À pp´ 1q
´r}f}LppTq À pp´ 1q
´r}f}Lp,1pTq
À θ´r}f}Xθ,1
for every analytic trigonometric polynomial f on T. By using a simple density
argument, one can then extend T to the whole of Xθ,1 such that (3.18) holds.
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Hence, Theorem 3 yields
}T pfq}L1pTq “
ż 2pi
0
pTfq˚psqds „ sup
0ătď2pi
#şt
0
pTfq˚psqds
p1` log` tqr
+
À
ż 2pi
0
kpf, s;H1pTq, H8pTqq
“
1` log`p1{sq
‰r
ds.
By using (3.8), one hasż t
0
kpf, s;H1pTq, H8pTqqds “ Kpf, t;H1pTq, H8pTqq À Kpf, t;L1pTq, L8pTqq
“
ż t
0
f˚psqds
for all f P H1pTq and t ą 0. Hence, it follows from ‘Hardy’s lemma’ (see Proposition
3.6 in Chapter 2 of [6]) thatż 2pi
0
kpf, s;H1pTq, H8pTqq
“
1` log`p1{sq
‰r
ds
À
ż 2pi
0
f˚psq
“
1` log`p1{sq
‰r
ds „ }f}L logr LpTq
and this completes the proof of Theorem 2.
Remark 4. As discussed in Section 5 of [15], in certain classical real cases the extrap-
olation theories of Jawerth and Milman [19] and Carro and Mart´ın [15] coincide
and in particular, one can show that a version of Theorem 3 for the case where
µpSq ă 8 can also be deduced from [19]. See also G. E. Karadzhov and Milman
[23].
Remark 5. Notice that, in fact, as a consequence of Theorem 3 one obtains a
stronger version of Theorem 2 in the sense that the same conclusion (3.10) holds
under the assumption
sup
0ătď2pi
 
t1{p´1KpT pfq, t;L1pTq, L8pTqq
(
À
pp´ 1q´r
ż 2pi
0
t1{p´1Kpf, t,H1pTq, H8pTqqdt{t,
which is weaker than (3.9).
Similarly, by using Theorem 3 and (3.4) one obtains the following variant of
Yano’s theorem for Hardy spaces on the real line.
Theorem 6. Let T be a sublinear operator acting on functions defined over the
real line. Suppose that there exist constants C0, r ą 0 such that
sup
fPHppRq:
}f}LppRq“1
}T pfq}LppRq ď C0pp´ 1q
´r for all p P p1, 2s.
Then, there exists a constant C ą 0, depending only on C0 and r, such that
sup
tą0
#şt
0
`
T pfq
˘˚
psqds
p1 ` log` tqr
+
ď C
ż 8
0
f˚psq
“
1` log`p1{sq
‰r
ds pf P H1pRqq.
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Remark 7. By combining Theorem 3 with [28, Theorem 1] of Kislyakov and Xu,
one can extend Theorems 2 and 6 to sublinear operators defined over Hardy spaces
of homogeneous-type.
We end this section with a version of Yano’s theorem for two-parameter Hardy
spaces.
Theorem 8. Let T be a sublinear operator acting on functions defined over T2.
Suppose that there exist constants C0, r ą 0 such that
sup
fPHppT2q:
}f}
LppT2q“1
}T pfq}LppT2q ď C0pp´ 1q
´r for all p P p1, 2s.
Then, there exists a constant B ą 0, depending only on C0 and r, such that
}T pfq}L1pT2q ď B}f}L logr LpT2q for all f P H
1pT2q.
The proof of Theorem 8 is obtained by combining Theorem 3 with [28, Theo-
rem 3] of Kislyakov and Xu, which asserts that pH1pT2q, H8pT2qq is K-closed in
pL1pT2q, L8pT2qq.
Remark 9. As mentioned in Subsection 3.1, theK-closedness of the couple pH1pTdq,
H8pTdqq with respect to pL1pTdq, L8pTdqq is still an open problem when d ě 3.
Notice that an affirmative answer to this question would automatically imply a
d-dimensional extension of Theorem 8 for d ě 3 via the theories of abstract extrap-
olation mentioned above.
4. Applications
As mentioned in [3], typical applications of Theorem 2 are that Pichorides’s the-
orem (1.5) implies Zygmund’s inequality (1.6) and that The´ore`me 1 (a) in Chapter
IV of Meyer’s paper [34] implies The´ore`me 1 (c) in Chapter IV of the same paper,
namely that
(4.1)
˜ ÿ
k,lPN0:
lăk
| pfp3k ´ 3lq|2¸1{2 À 1
pp´ 1q1{2
}f}LppTq pf P H
ppTqq
implies
(4.2)
˜ ÿ
k,lPN0:
lăk
| pfp3k ´ 3lq|2¸1{2 À }f}L log1{2 LpTq for all f P H1pTq.
Notice that if we remove the analyticity assumptions, then the exponents r “ 1{2
in pp´ 1q´1{2 in (4.1) and r “ 1{2 in L log1{2 L in (4.2) must be replaced by r “ 1;
see [8, Corollaire 4].
In this section we obtain some new variants of the aforementioned results based
on the extrapolation results presented in the previous section. To be more specific,
in Subsection 4.1 we present a version of Zygmund’s inequality (1.6) for functions
defined over the real line and in Subsection 4.2 we extend the above-mentioned
results of Meyer to the product setting.
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4.1. A Euclidean variant of an inequality due to Zygmund. For n P Z,
define the ‘rough’ Littlewood-Paley projection Pn to be the multiplier operator
with symbol χp´2n`1,´2nsYr2n,2n`1q, that is, one has
pPnpfqq
ppξq “ χp´2n`1,´2nsYr2n,2n`1qpξq ¨ pfpξq pξ P Rq
for all f belonging to the Schwartz class SpRq on R. The corresponding Littlewood-
Paley operator is given by
SRpfq :“
˜ ÿ
nPZ
|Pnpfq|
2
¸1{2
and is initially defined for f P SpRq. It is well-known that SR can be extended as
an LppRq-bounded sublinear operator for all 1 ă p ă 8; see e.g. Chapter IV in
[52]. Furthermore, it was shown in [4] that, when restricted to Hardy spaces HppRq
for p ‘close’ to 1`, one has
(4.3) sup
fPHppRq:
}f}LppRq“1
}SRpfq}LppRq „ pp´ 1q
´1 ppÑ 1`q,
which is a real-line version of Pichorides’s theorem (1.5). By using (4.3) and The-
orem 6, we get the following Euclidean analogue of Zygmund’s inequality (1.6).
Theorem 10. There exists an absolute constant C ą 0 such that
sup
tą0
#şt
0
`
SRpfq
˘˚
psqds
1` log` t
+
ď C
ż 8
0
f˚psq
“
1` log`p1{sq
‰
ds pf P H1pRqq.
4.2. An extension of a theorem of Meyer to the product setting. This
subsection focuses on the following extension of Meyer’s inequality (4.2) to the
two-parameter setting.
Theorem 11. If Λ :“ t3k ´ 3l : k, l P N0, 0 ď l ă ku, then there exists an absolute
constant C0 ą 0 such that
(4.4)
˜ ÿ
pm,nqPΛˆΛ
| pfpm,nq|2¸1{2 ď C0}f}L logLpT2q for all f P H1pT2q.
Remark 12. By arguing as in [3], one shows that (4.4) is sharp in the sense that
the exponent r “ 1 in the L logL-norm of f P H1pT2q cannot be improved.
Remark 13. If we remove the analyticity assumption in Theorem 11, then the
L logL-norm in the right-hand side of (4.4) must be replaced by the L log2 L-norm;
see [2, Proposition 14].
The proof of Theorem 11 will be obtained as a consequence of Theorem 8 com-
bined with the following extension of (4.1) to the two-torus.
Proposition 14. If Λ :“ t3k ´ 3l : k, l P N0, 0 ď l ă ku, then there exists an
absolute constant A0 ą 0 such that
(4.5)
˜ ÿ
pm,nqPΛˆΛ
| pfpm,nq|2¸1{2 ď A0
p´ 1
}f}LppT2q pf P H
ppT2qq
for all 1 ă p ď 2.
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The proof of Proposition 14 is obtained by adapting the argument of Meyer
establishing [34, The´ore`me 1 (a)] to the two-parameter setting and it does not
involve any methods and concepts related to the topics discussed in Section 3. For
this reason, we first present the proof of Theorem 11 under the assumption that
Proposition 14 holds true and then we proceed to the proof of Proposition 14 in a
separate subsection.
Remark 15. Notice that, in view of [53, Lemma 2.2], (4.2) also implies (4.1) and
(4.4) also implies (4.5).
4.2.1. Proof of Theorem 11 assuming that Proposition 14 holds. For N P N, let
ΛN :“ t3
k ´ 3l : k, l P N0, 0 ď l ă k ď Nu. For fixed N1, N2 P N, consider the mul-
tiplier operator TΛN1ˆΛN2 with symbol χΛN1ˆΛN2 , that is for every trigonometric
polynomial g on T2 one has
TΛN1ˆΛN2 pgqpx, yq “
ÿ
pm,nqPΛN1ˆΛN2
pgpm,nqeipmx`nyq for px, yq P T2.
Observe that it follows from Parseval’s identity, Ho¨lder’s inequality and Propo-
sition 14 that TΛN1ˆΛN2 is bounded on H
ppT2q with corresponding operator norm
growing like pp´ 1q´1 as pÑ 1`. We thus conclude from Theorem 8 that
(4.6) }TΛN1ˆΛN2 pfq}L1pT2q ď B}f}L logLpT2q pf P H
1pT2qq,
where B ą 0 is independent of f and N1, N2. Since } ¨ }L1pT2q ď } ¨ }L2pT2q, at first
glance, (4.6) seems to be weaker than the desired estimate (4.5). However, as ΛˆΛ
is a Λppq set for all p ą 2; see [2, Proposition 14] and ΛN1 ˆΛN2 Ď ΛˆΛ, it follows
from Parseval’s identity, the definition of TΛN1ˆΛN2 and Remark 1 that˜ ÿ
pm,nqPΛN1ˆΛN2
| pfpm,nq|2¸1{2 “ }TΛN1ˆΛN2 pfq}L2pT2q ď C}TΛN1ˆΛN2 pfq}L1pT2q,
where C ą 0 is a constant independent of f and N1, N2. Therefore, the proof of
Theorem 11 is complete, in view of (4.6) and the last estimate, by taking N1, N2 Ñ
8.
4.2.2. Proof of Proposition 14. To prove Proposition 14, we shall adapt the corre-
sponding argument of Meyer [34] to the product setting and for this, we need the
following two lemmas.
Lemma 16. Let G be a compact abelian group and let p ą 2 be given. If Λ Ď pG is
a Λppq set, then for every γ0 P pG the set Λγ0 :“ tγ0´ γ1 : γ1 P Λu is also a Λppq set
with ApΛγ0 , pq “ ApΛ, pq.
Proof. The lemma is a direct consequence of the definition of Λppq sets. Indeed, for a
fixed γ0 P pG, take an arbitrary trigonometric polynomial f onG with suppp pfq Ď Λγ0
and observe that gpxq :“ γ0pxqfpxq, x P G, is a trigonometric polynomial on G with
suppppgq Ď Λ and
}f}LppGq “ }g}LppGq ď ApΛ, pq}g}L2pGq “ ApΛ, pq}f}L2pGq.
Hence, Λγ0 is a Λppq set with ApΛγ0 , pq ď ApΛ, pq. Having established that Λγ0 is
a Λppq set, one then deduces that ApΛ, pq ď ApΛγ0 , pq similarly. 
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Lemma 17. Let φ P C8c pRq be such that supppφq Ď r1{9, 9s and φ|r1{3,3s ” 1. For
j P N0, consider the multiplier operator Tj satisfyingzTjpgqpnq “ φp3´jnqpgpnq pn P Zq
for every trigonometric polynomial g on T.
Then, there exists an absolute constant D0 ą 0 such that for every k1, k2 P N
one has
(4.7)
˜ ÿ
0ďl1ăk1
ÿ
0ďl2ăk2
| pfp3k1 ´ 3l1 , 3k2 ´ 3l2q|2¸1{2 ď D0
p´ 1
››Tk1 b Tk2pfq››LppT2q
for all 1 ă p ď 2.
Proof. We argue as in [34]. For k P N, we write rΛk :“ p3lqk´1l“0 and Λ1k :“ t3k ´ 3l :
l P N0, 0 ď l ă ku. Observe that since rΛ :“ p3lqlPN0 is Sidon, rΛ ˆ rΛ is a Λppq
set for all p ą 2 whose Λppq constant AprΛ ˆ rΛ, pq grows like p as p Ñ 8; see e.g.
[40, Remarque, p. 24]. Hence, it follows that for every fixed k1, k2 P N, one has
AprΛk1 ˆ rΛk2 , pq ď AprΛ ˆ rΛ, pq ď Cp for all p ą 2, where C ą 0 is an absolute
constant. We thus deduce from Lemma 16 that
(4.8) }g}LppT2q ď Cp}g}L2pT2q pp ą 2q
for every trigonometric polynomial g on T2 such that suppppgq Ď Λ1k1 ˆ Λ1k2 .
Hence, for any given 1 ă p ď 2 and h P LppT2q, it follows from duality, Ho¨lder’s
inequality, and (4.8) that˜ ÿ
pm,nqPΛ1
k1
ˆΛ1
k2
|phpm,nq|2¸1{2 “ sup
suppppgqĎΛ1k1ˆΛ1k2 :
}g}
L2pT2q“1
ˇˇˇˇ
ˇ
ż
T2
hpx, yqgpx, yqdxdy
ˇˇˇˇ
ˇ
ď }h}LppT2q
˜
sup
suppppgqĎΛ1k1ˆΛ1k2 :
}g}
L2pT2q“1
}g}Lp1pT2q
¸
ď Cp1}h}LppT2q
“ C
p
p´ 1
}h}LppT2q.
Therefore, (4.7) is obtained from the last step by choosing h :“ Tk1 b Tk2pfq, sincepfp3k1 ´ 3l1 , 3k2 ´ 3l2q “ php3k1 ´ 3l1 , 3k2 ´ 3l2q
for all l1, l2 P N0 with 0 ď l1 ă k1, 0 ď l2 ă k2. 
Let φ and Tj be as in the statement of Lemma 17. Notice that (4.7) gives
(4.9)
˜ ÿ
pm,nqPΛˆΛ
| pfpm,nq|2¸1{2 ď D0
p´ 1
˜ ÿ
pk1,k2qPN2
››Tk1 b Tk2pfq››2LppT2q
¸1{2
.
Observe that by using (4.9) and Minkowski’s inequality, one gets˜ ÿ
pm,nqPΛˆΛ
| pfpm,nq|2¸1{2 ď D0
p´ 1
›››››
˜ ÿ
pk1,k2qPN2
|Tk1 b Tk2pfq|
2
¸1{2›››››
LppT2q
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and so, to complete the proof of Proposition 14, it suffices to show that
(4.10)
›››››
˜ ÿ
pk1,k2qPN2
|Tk1 b Tk2pfq|
2
¸1{2›››››
LppT2q
À }f}LppT2q pf P H
ppT2qq,
where the implied constant is independent of p P p1, 2s and f P HppT2q. But
the last estimate is a well-known Littlewood-Paley inequality; it follows, e.g., by
iterating Stein’s classical multiplier theorem [50, 51]. Indeed, to establish (4.10), let
prkqkPN be a given sequence of Rademacher functions over some probability space
pΩ,A,Pq, i.e. prkqkPN is a sequence of independent random variables such that
Pptrk “ 1uq “ Pptrk “ ´1uq “ 1{2 for all k P N. Then, consider the family of
multiplier operators pTωqωPΩ given by
Tω “
ÿ
kPN
rkpωqTk pω P Ωq
and note that by employing Stein’s multiplier theorem [50, 51] one deduces that
Tω is bounded on pH
1pTq, } ¨ }L1pTqq with corresponding operator norm that is
controlled by a constant depending only on φ and not on the choice of ω P Ω (see
also [16, Theorem 1.20]). Since, by Parseval’s theorem, Tω is bounded on H
2pTq
with corresponding operator norm that is majorised by a constant depending only
on φ and not on ω P Ω, it follows from Theorem 3.9 in Chapter XII of [59] that for
all p P r1, 2s and ω P Ω one has
(4.11) }Tω}pHppTq,}¨}LppTqqÑpHppTq,}¨}LppTqq ď C,
where C ą 0 is a constant that depends only on φ and not on p P r1, 2s, ω P Ω.
We thus conclude by iterating (4.11) that for all p P r1, 2s and for each choice of
pω1, ω2q P Ω
2 one has››››› ÿ
pk1,k2qPN2
rk1 pω1qrk2 pω2qTk1 b Tk2pgq
›››››
LppT2q
ď C2}g}LppT2q
for every analytic trigonometric polynomial g on T2. Therefore, (4.10) is obtained
by using the last estimate combined with multi-dimensional Khintchine’s inequality
(see, e.g., Appendix D in [52]) and the fact that the class of analytic trigonometric
polynomials on T2 is dense in HqpT2q for q ă 8. This completes the proof of
Proposition 14.
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